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Abstract

Particlesystemshavebeenwidely employedto animatedeformableobjects.In
orderto achieve real time capablesystemsoften simplificationshave beenmade
to reducethe computationalcostsfor solving the ODE at the expenseof numer-
ical andphysicalcorrectness.Implicit-Explicit (IMEX) methodsprovide a way
to solve partly stiff systemsefficiently, if the systemmeetssomerequirements.
Thesemethodsallow thesolutionof thedifferentialequationfor particlesystems
to be computedboth correctlyandvery quickly. Herewe usean IMEX method
to simulatedrapingtextiles. In particular, our approachdoesnot requireany post-
correctionandworksfor verystiff materials.

1 Intr oduction

Sincethemid of the80’s theanimationof deformablemodelshasattractedmoreand
moreattentionin computergraphics.TerzopoulosandFleischer[11] proposeda con-
tinuousmodel for deformableobjectsandsolved the resultingPDEswith finite dif-
ferences.Later on, particlesystemsbecamea very commonmodel, in particularfor
two-dimensionaldeformableobjectslike textiles [3, 6, 9, 2]. All approachesrequirean
ordinarydifferentialequationto besolved.

Although TerzopoulosandFleischeruseda semi-implicit numericalmethod,i.e.
explicit in spaceandimplicit in time, lateron explicit methodsbecamepopular. These
requireconsiderablylesswork perstep,becausethereareno systemsof equationsto
besolved.

Unfortunatelyexplicit methodsallow only small time stepsfor stiff particlesys-
tems. With the work of Baraff and Witkin [2], implicit time steppingunderwenta
renaissancein animation,becausetheseimplicit methodsallow largetime stepswith-
out loss of stability. Traditionally in computergraphicsrealistic behaviour is more



importantthanshortcomputationtime, whereasin virtual reality applicationsinterac-
tive frameratesarenecessary. But sincethepresentationof this work, thebarrierhas
beentorn down andno onewill accepthoursof computationfor theanimationof de-
formableobjects.Recentwork [4, 8] focusedonreducingcomputationalcostsperstep
while preservingthestability propertiesof theimplicit algorithm.

The major drawbackof implicit methodsis, that eachsteprequiresa – generally
nonlinear– systemto be solved. Necessarily[7] at eachstepa Newton-like method
is usedto solve this system.To achieve interactive frameratesin computeranimation
several approacheshave beenpresentedto circumvent this problem. Somesimplifi-
cationswereintroducedto allow very fastperformanceof an implicit step. But asa
consequenceof thesesimplificationsthe solutionis not any morethe solutionof the
ODE originally posed.Evenif theresultsarevisually pleasing,it is doubtfulthatspe-
cific materialscanbemodelledcorrectlyin thisway.

In this paperwe proposetheuseof IMEX methodsto solve thearisingdifferential
equationboth fastandcorrectly. IMEX methodswork on so calledsplit ODEsand
consistof two methods,an implicit andanexplicit one,thefirst onebeingappliedto
stiff partsof the ODE the secondoneto the nonstiff parts. Suchmethodshave been
usedin numericalanalysis,for instanceto solve convection-diffusion problems[1].
Themainideais to split theright-hand-sidefunction � of theODE into a – preferably
linear– stiff partanda nonlinearnonstiff part.Thiswayonly a linearsystemhasto be
solvedat eachtimestep.

We alsocompareourmethodto theapproachestakenby otherauthors.

2 Numerical methods

All aboveapproachesrequireaninitial valueproblemof anordinarydifferentialequa-
tion of theabstractform �����	��

� ��� �������	��
���� ��������

�����
to besolved.We will specialisethesystemandexploit its structurebelow.

2.1 Multistep methods

As thediscussedIMEX methodsarederivedfrom multistepmethodswe will describe
thesebriefly. Suchamethodwith � stepsis of theform�� �! �#"  %$'&�(' �*) �� �! ��+  � &�(' � (1)� &�(' -, � � �	� &�(� � $'&�(' 
��
where ) is the (time-) stepsizeand $'. is thenumericalsolutionat time � . . Thecoef-
ficient " � is requiredto be nonzero. Importantspecialcasesarethe classof Adams



methodswhere" � �0/%/1/2� " �43'5 �*6 :$ &�( � � $ &�( ��3#798 ) �� �! ��+  � &�(' (2)

andthe classof BDF–methods(backwarddifferentiationformulas)with + �:�;/%/1/#�+ �43�7 ��6 : �� �! � "  %$<&�(' �=) + � � &�( �?> (3)

A multi-stepmethodis calledimplicit, if + �A@�=6 . An implicit methodrequiresthe
solutionof a nonlinearsystemof equations,as $'&�( � is neededto evaluate� for � &�( � .
Theseequationshaveto besolvedby Newton’smethodor aNewton–likescheme.The
useof fixedpoint iterationis not suitablefor stiff ODEs[7].

This nonlinearsystemis givenby6B� $ &�( �DC ) + &�( � � &�( �E8GF & � (4)

whereF?& �=H ��3�7 �! � � " &�(' 4$<&�(� IC ) + &�(' � &�(' 
 . Thissystemhasto besolvedfor $'&�( � .
Newton’smethodappliedto (4) leadsto systemsof linearequationsof theform�KJ C ) + &�( �2L 
�M $ON .QP �*R N .QP � (5)

where L � SS�T � � � &�( � ������� &�( � 
 � , $ N .QP&�( � � $ N . 3�7 P&�( � 8 M $ N .UP and R N .QP � CV$ N . 3�7 P&�( � 8) + &�( � � &�( �E8WF & .
The well known forwardandbackwardEuler schemesfit in the multistepframe-

work. TheforwardEulermethodturnsout to betheexplicit Adamsmethodfor � �YX
and + 7 �Z6 , the backward Euler methodis the BDF–methodfor � �[X , " �\� C X ," 7 �]X , and + 7 �]X .
Thesemethodswerethefirst onesespeciallydevelopedto dealwith stiff equations.

2.2 IMEX–Schemes

In orderto reducethecomputationalwork, we look at a morespecialisedsettingwith
asplitableright handside(split ODE)� � ����
9� ��� �������	��
�� 8_^ � �������	��
��`� (6)

where ^ incorporatesthe stiff part of the systemand � the nonstiff remainder. As
recentlydiscussedin numericalanalysisliterature[1], it is possibleto combinetwo
schemesfor solving (6). This canbedonesuchthat thestability propertiesof an im-
plicit methodfor ^ arenearlypreservedwhile gainingtheeaseof thecomputationof
anexplicit methodfor � . A thoroughanalysisfor combiningmultistepmethodscanbe



foundin [1]. For aconstantstepsize ) wethusobtainthegeneralformula(compareto
(1)) $<&�( � 8 �43�7� �! � "  %$'&�(' �*) ��3�7� �! �a+  � &�(� 8 �� �! �cb+  ^ &�(' � (7)

wherethe +  and b+  arethecoefficientsof theexplicit andtheimplicit method,respec-
tively.

ThereforeasaboveNewton’smethodis usedto solved � $ &�( � 

� $ &�( �eC ) b+ &�( �4^ &�( �E8 b F & � (8)

with fF & definedanalogouslyto (4). As a linearsystem,we now get��J C ) b+ bL 
�M $ N .UP � b R N .UP �
where bL �gSS�T ^ � � &�( � ������� &�( � 
 � is theJacobianof ^ andcontainsall stiff eigenvalues
of thesystem.By this approachwe maysave a lot of work becausewe don’t have to
computethewholeJacobian.

A further improvementcanbeachievedif ^ is a linearoperatorwith respectto � ,
i.e. with h ����
 , � SS�T ^ �	��
 ^ �	������

� h ����
�� >
In thiscaseNewton’smethodreducesto thesolutionof asinglelinearsystem��J C ) b+ h ����
�
 $<&�( � � b R > (9)

Sinceit is possibleto formulate ^ with a symmetricJacobian,conjugategradient
method(cg) shouldbe used,whereasstationarymethodslike the Jacobi-methodare
notsuitablebecauseof thelarge(i.e. stiff) eigenvaluesof A(t). cghastheadvantageof
a fastconvergencein the directionof themajoreigenvalues,which representthestiff
components.

If it is not possibleto isolatethestiff componentsin a linearoperator, onecanuse
aninexactsimplifiedNewton methodfor thesolutionof (8) (or (4) respectively).

2.3 Exploiting the secondorder structure

Thesystemunderdiscussionhasthespecialstructureof beingdefinedby anODE of
secondorder, i.e. i �j� �lk� ����� i � i � 
 >



By theauxiliaryvariable m , � i � � (10)

onegetsanequivalentsystemof first orderanddoubleddimensionn i m?o � � n mk� �	��� i � m 
 o >
ThustheJacobianhasthespecialformpprq i � m�sut ��� ��� q i � m`s t �e� n 6 Jhwvxhey o >
with h v � SS v k� � ��� i � m � and h y � SS y k� � ��� i � m � . We canexploit this by analogously

splitting $ N .QP&�( � and R N .QP from (9) (or (5) respectively) in their / v and / y parts,thussolving
(weomit theNewton index)n J C ) + JC ) + h v J C ) + h y o n M $<&�( ��z vM $<&�( ��z y o � n R vR y o
in eachiteration. By taking advantageof the upper half, i.e. M $ &�( ��z v �{R v 8) + M $ &�( ��z y weareleft with thecomputationof a solutionfor� J C �K) + 
 5 h v C ) + h y � M $'&�( �4z y�=R y C ) + h v R v >

The dimensionof this systemis reducedto the original dimensionof the second
orderODE.Thuswesave aconsiderableamountof computingtime.

3 Comparisonof methods

All theseideas,althoughnotpresentedin thecontext of IMEX schemes,areimplicitly
presentin previouswork.

Baraff andWitkin [2] formulatenonlinearconstraintsbut only usetheir linearap-
proximationto obtainalinearsystemof equations.Thiswaythesystemto besolvedin
animplicit Eulerstepalsobecomeslinearandcanbesolvedefficiently by acg-method.
This methodcorrespondsto thesolutionof a nonlinearsystemwith only oneNewton
iteration.Becausethenonlinearpart is not integrated,with high stiffnessonemayen-
countersimilar problemsaswehadto dealwith.

Provot [9] proposeda simplemodelonly incorporatinglinearsprings.This model
wasusedby Desbrunet al. [4] who usedalsothe implicit Eulermethod.But instead
of linearisingthe whole systemthey split it in a linear andnonlinearpart andusea
precomputedinverseof thesystemmatrix for solvingthe linearpartof theequations.



They don’t aim at solvingtheequationcompletely, asthey don’t integratethenonlin-
earterm. Insteada correctingforce is introducedto preserve the angularmomentum
approximately. Theuseof aprecomputedinverseprohibitsachangeof stepsize ) and
changesof theelasticmoduli.

Basedon this work Kanget al.[8] did somefurthersimplificationto avoid solving
the linear system.In orderto updatethe solutionvectorin onestepthey divide each
row by its diagonalentryof thematrixof thelinearsystem.Thereforethey justperform
asingleiterationof aJacobi-likeschemefor solvingthelinearequation(5).
This may be too little to solve this equationor to dampthe stiffer modes,especially
consideringthefact,thattheconvergencebehaviour stronglydependsonspecialprop-
ertiesof thesystemmatrix. J C ) b+ h is in factdiagonaldominant,actuallyby the’1’
of theidentity. But thestiffer theequationthelessthisonecountsfor, andconvergence
maybehardlyconceivable.

In [9], [4],[8] a post-correctionstepis usedto restrict the springelongationsto a
maximumvalue. Thusthey canuseonly moderatelystiff springsandobtaina cloth-
likebehaviour afterperformingthispost-correction.Unfortunatelyphysicalsoundness
is not guaranteedby this modificationof thenumericalsolution.

4 Modelling a mass-springsystem

Wenotethatthestiffnessin particlesystemsthatmodeltextilesis dueto thespringsthat
accountfor tensionforces(Provot [9] callsthesespringsstructuralsprings).Therefore
it is sufficient to solveonly for thesespringsimplicitly andusetheexplicit schemefor
theremainingforces.

Forcesfor linearspringsbetweentwo particlesat

i . and

i  aregivenby| � i 
9� � .j �~} i . C i  } C�� .� 
 i .aC i  } i .#C i  } � (11)

where � .� is theelasticmodulusof thisspringand �u.j its restlength.
Desbrunet al. [4] split theseforcesinto a linearpart| 7 � i 
�� � .j � i . C i  
 (12)

anda non-linearpart | 5 � i 
9� C � .j / �u.j i .#C i  } i . C i  } > (13)

In our approach
| 7 is includedin ^ , whereas

| 5 is treatedby theexplicit method
aspartof � . This is possiblebecause

| 5 hasaconstantabsolutevalueandits Jacobian
doesnotcontributesignificantly. Thesolutionof theIMEX-schemeremainsstableun-
derall circumstancesandfor all feasibleparameters,although

| 5 is treatedexplicitely.



Additionally, we needdampingforcesto accountfor energy dissipation.Theseare
modelledfor eachstructuralspringby|I� � i 
���� .j � m . C m  
�� (14)

where � .� is the dampingcoefficient. Thesedissipative forcesarestiff aswell as
linear, hencethey areincorporatedin ^ .

Thuswe getlinearforces� .� � i .#C i  
 8 � .j � m .#C m  
 (15)

for eachspringactingon particlei.

Definingmatrices ����
 .� ��� H .��!� � .� if � �����C � .� if � @��� (16)

and,analogously, �K��
 .� ��� H .��!' � .j if � �W�`�C � .� if � @�W� (17)

thelinearforcescanbewrittenby|�� � � � i � m 
9��� i 8 � m (18)

ThesematricesrepresentthediscretizedLaplacianoperator, which modelsthedif-
fusionin a deformablemodel.They werealreadyusedby Desbrunet al. in [4].

The explicit forcescontainedin � canbe arbitrarynon-stiff forces. Besides
| 5 ,

therecanbeforcesdueto bendingandshearingdependingon angles(e.g.[6]), which
aretypically severalmagnitudessmallercomparedto tensionforcesandthereforecan
beintegratedexplicitly. Ourapproachhasthemajoradvantage,thattheparticlesystem
is notanymorerestrictedto springsdescribedby (11)asin Provot’smodel[9], but also
allows trianglemeshesto beanimated.
Externalforcesdueto air resistance,windandgravitationaretreatedexplicitly aswell.

5 Setting up a linear system

Herewe describehow anIMEX first ordermethodis appliedto thedescribedparticle
system.It usestheimplicit andexplicit form of Euler’smethods:�?� ( 7 ���?� 8 ) � �	�?��
 8 ) ^ �	�?� ( 7 
 (19)

First, we follow section2.3 andreducethe systemfrom 6n coordinatesto 3n co-
ordinatesby applyingthe integrationschemeto the lower row of equation(10). The
implicit Eulermethodfor

� v�~� � m givesi � ( 7 � i � 8 ) m � ( 7 > (20)



Applying (19) to our systemandsubstitutingfor

i � ( 7J m � ( 7 C ) X� ��� i � ( 7 8 � m � ( 7 
��m � 8 ) X� |������1� � i � � m � 
��KJ C ) 5 X� � C ) X� ��
 m � ( 7 �m � 8 ) X� | �����%� � i ��� m ��
 C ) X� � i � (21)

This is a symmetriclinearsystemthatcanbesolvedefficiently by thecg method.
Onecg iterationhascomplexity of a sparsematrix-vectormultiplication,which is lin-
ear in the numberof nonzeroentriesin the sparsematrix. With sparsematricesin
generalthis is even lessexpensive thanmultiplying with an inversewhich canhave� �	  5 
 nonzeroelements,dueto thelossof sparsityon inversion.

From(21) it canbeseenthat thestiffnessof thesystemdoesnot dependon � but
on

�¡ . Notethatthiscorrespondsto theangularfrequency of aharmonicoscillatorthat

is givenby ¢ �¡ . Thereforea smallermassdensityof thematerialleadsto stiffer dif-
ferentialequations.Furthermore,a finer discretizationleadsto a stiffer ODE aswell,
becausea singleparticleof afinermeshhasasmallermass.

The matrix of the systemchangeswhenever the elasticmoduli or dampingcoef-
ficients change. As forces in textiles are not linear they must be approximatedby
piecewise linear springs(see[6, 5]). This is requiredfor realistic textile modelling.
Hence,in general,thematrixmustbesetup in eachstep.

Thenumberof cg iterationsdependson theconditionnumberof thematrixandthe
startingvaluefor theiteration.Theconditionnumberof thematrix is improvedby an
incompletecholesky preconditioner. As aneffect, our iterationconvergesin very few
steps.

A startingvalueiscomputedby apredictorthatextrapolatesthenew solutionvector
from the most recentvaluesof the solution. Consideringthe single-stepintegration
methodsusedweonly usethelastvalueandcomputethepredictorasfollows:m &�( 7V£=¤ m & C m & 3#7 (22)

6 Constraints and collision response

In every numericalsetupfor animationtheremustbea way to enforceconstraints,in
particularconstraintsimposedby collisions.

Baraff andWitkin [2] presenteda very efficient methodto enforceconstraintsin a
cg-method. In eachiterationof the cg-methodthe new directionis filtered suchthat



thesolutiondoesnotalterin aconstraineddirection.Henceif necessarywe canpreset
thevelocity of a particlefor thestartvalueof thecg-method,becauseby constraining
thevelocity in all directions,it is guaranteedthatthisvelocity is unchangedin thefinal
solutionreturnedby thecg-method.

However, we found that the repositioningsuggestedin [2] produceda severe in-
creasein thenumberof cg-iterationsin our system.Therefore,we dispensewith any
alterationof particlepositions,becausewe cancontrol thepositionof eachparticleat
thenext time usingthedescribedconstraintenforcingmechanism.¥¦
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Figure1: Correctinga particleposition

If we wanttheparticleto movebackto thesurfacewe constrainits velocity in the
normaldirection  a· of thepenetratedsurface¸ � m � ( 7 

� X) ¸ � i · C i � ( 7 
��

where ¸ is theprojectiononto theorienteddirection   · and

i · is thepoint where
theparticlepenetratesthesurface(seefigure1).

Sincewe constrainonly onedirectionof the particlevelocity the particle is still
freeto move in theotherdirectionsaccordingto theforcesactingon it. Thereforethe
velocity is only constrainedin thedirectionnormalto thepenetratedsurfacesuchthat
theparticleis drivenbackto thesurfacebut canmovefreelyon thesurface.

This way we allow the textile to penetratetemporarily. In the visualisationof a
frameauxiliary particlescorrespondingto penetratedparticlesaredisplayedsuchthat
no penetrationis visible. This way any kind of collision, elasticor inelastic,canbe
modelled.

7 Dealingwith very high stiffness

If we model textiles with extremely large elasticmoduli like thosethat areobtained
from theKawabataexperiments[3], wenotethatthesolutioncomputedremainsstable



but themovementof thetextile is reducedwhenlargetime stepsareusedandtheani-
mationalmostcomesto astandstill(unstablemethodsshow a chaoticbehaviour).

Thereasonfor this happeningis that thematrix of thelinearsystem(21) doesnot
haveany entriesthatcouplethedifferentcoordinatedirections,i.e. wecouldalsosolve
threeindependentsystems.Changesin onedirectioncannotbecompensatedin another
directionin the sameintegrationstep,becauseall couplingtermsarecontainedin � .
They appearonly in the singlecomputationof � on the right-handsideof the linear
system(21).

In orderto overcomethis problemthesecouplingtermshave to beupdatedwithin
the linear solving procedure,i.e. the right-handsideof the systemmustbe updated
in thecg-method.Hencewe startthe cg-methodwith the initial R , do a few cg itera-
tions,updateR with thecurrentapproximativesolution,doafew cg iterationsandsoon.

This updatediterationconvergesaswell as the conventionalcg-method. The al-
gorithmto solve h i �0R¹� m � i 
 with errortoleranceº , preconditioner» andconstraint
operator¼ , whichenforcestheconstraintsasdescribedin theprevioussection,is given
by thefollowing pseudo-code:



Algorithm 1: Updated and filtered cg

do � �*6R��*R�� m � i � 8 ) m 
½c� ¼ ��R C h m 

while }�½�}D¾ º }1R�}� � � 8 X

solve » 3�7�¿ ��½¿ � ¼ ¿
if � �*6�À �ÂÁ	½¹� ¿?Ã
else + �ÅÄÄ�ÆÇÈ� ¿ 8 + ÇÉÊ� h ÇÉÊ� ¼ É" � ÄËjÌ z Í�Îm � m 8 " Ç½c�Ï½ C " ÉÀ 7 � À

while ( �9Ð 6 )
Only very few cg iterationsareneededwithin onetime stepandthesolver is still

veryefficient. For very stiff springsthesimplifiedNewton methodneedslesscg itera-
tionsthanplaincg would requirefor thesamesimulation.

We found it sufficient, to usea constantforcing term, i.e. we imposetheresidual
tolerance }�½Ñ}DÒ º }1R�} >
onthecg-iteration.Furtherimprovementscanbemadeby optimisingthisforcingterm,
whichwill bepartof forthcomingwork.

8 Results

We implementedour numericalalgorithmswith the Matrix TemplateLibrary (MTL
[10]) by the University of Notre Dame. It providesefficient andflexible datastruc-
turesfor (sparse)matrix andvectoroperations,which arecrucial for the simulation
performance.

To evaluatetheperformanceof our techniqueswe presenttwo examplessimulated
with variousparameters.

Thefirst exampleis a tableclothdrapingovera squaretable(figure4 (a)-(c)).This
exampledemonstratesthecollision responsedescribedin section6. Thesecondoneis
a textile thatis fixedat two cornerpoints(figure4 (d)).



#Particles
�¡ �¡ ) #cg cg matrixsetup solver

400 X�6�Ó 40 0.01s 192 1.14s 1.31s 3.34s
400 X�6�Ó 40 0.02s 233 1.04s 0.7s 2.16s
400 X�6�Ô 40 0.005s 2601 8.07s 2.67s 12.47s
2704 X�6�Ô 40 0.01s 1344 32.29s 10.46s 49.64s

Figure 2: Square table, performancefor simulation of one sec. on a Mips
RS10000/250MHz

#Particles
�¡ �¡ ) #cg cg matrix setup solver

400 X%6�Ó 40 0.01s 58 0.54s 1.3s 2.7s
400 X%6�Ô 40 0.001s 614 5.56s 12.66s 27.02s

Figure 3: hanging textile, performancefor simulation of one sec. on a Mips
RS10000/250MHz

Thesuccessive entriesin table2 and3 arethenumberof particlesusedin theex-
ample,the elasticmodulus/massquotient, the dampingcoefficient/massquotientof
the structuralsprings,the time step ) and the numberof cg iterations. Furtherwe
measuredcomputationtimesfor themodifiedcg method,for thematrix setupandthe
overall timesof thenumericalsolver (includingmatrix setup,cg andthecomputation
of thenew solution).

Althoughthenumberof cg iterationsincreaseswith thestiffness,westill getagood
performancefor stiff springs.Notethatasmallertimestepdoesnotnecessarilyleadto
anincreasein thenumberof cg iterations.

9 Conclusionand further work

Wehavediscussedasystemthatefficiently simulatesthedrapingbehaviour of textiles.
With ourapproach,thearisingdifferentialequationis completelysolvedandnonlinear
forcesaretreatedcorrectly. This is especiallyimportant,asin thecontext of veryhigh
stiffnessneglectingtheseforceswould leadto wrongresults.

Dueto ourflexibledesignthesystemis suitedfor virtual realityapplicationsaswell
asfor highaccuracy simulationof cloth. As theresultsshow, theapproach,leaving the
elasticmoduli (andthusthematrix) constant,is capableof simulatingseveralhundred
particlesin realtime. If we usea moreaccuratemodelwith high andvaryingstiffness
to modelthenonlinearbehaviour of cloth, thecomputationtime doesnot exceedsev-
eralminutesandis still lessexpensivethana highquality renderingof thatscene.

The presentedmodel and the numericaltreatmentdo not dependon the regular
structureof theparticlemesh.Rectangularaswell astriangularmeshes,whichprovide



additionalfreedomfor modellingmorecomplex shapesof textiles,maybeused.

Furtherwork will focuson algorithmicandnumericalimprovementsasvariable
time-steppingandJacobi–saving strategieswill resultin anotherspeedup.Choosingan
optimalpreconditionerandavariableforcing termmayprovevaluableaswell.

(a) (b)

(c) (d)

Figure4: Examples
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