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Abstract

Particlesystemdave beenwidely emplg/edto animatedeformableobjects.In
orderto achieve real time capablesystemsoften simplificationshave beenmade
to reducethe computationakostsfor solving the ODE at the expenseof numer
ical and physicalcorrectness.Implicit-Explicit (IMEX) methodsprovide a way
to solve partly stiff systemsefficiently, if the systemmeetssomerequirements.
Thesemethodsallow the solutionof the differentialequationfor particlesystems
to be computedboth correctlyandvery quickly. Herewe usean IMEX method
to simulatedrapingtextiles. In particular our approactdoesnot requireary post-
correctionandworksfor very stiff materials.

1 Intr oduction

Sincethe mid of the 80’s the animationof deformablemodelshasattractedmoreand
moreattentionin computergraphics.TerzopoulosaandFleischer{11] proposeda con-
tinuousmodelfor deformableobjectsand solved the resulting PDEswith finite dif-
ferences.Later on, particle systemsbecamea very commonmodel, in particularfor
two-dimensionatieformableobjectslik e textiles[3, 6, 9, 2]. All approachesequirean
ordinarydifferentialequationto be solved.

Although Terzopoulosand Fleischeruseda semi-implicit numericalmethod,i.e.
explicit in spaceandimplicit in time, lateron explicit methodbecamepopular These
requireconsiderablylesswork per step,becausdhereareno systemsof equationgo
besolved.

Unfortunatelyexplicit methodsallow only small time stepsfor stiff particle sys-
tems. With the work of Baraf and Witkin [2], implicit time steppingunderwenta
renaissancé animation,becauseheseimplicit methodsallow largetime stepswith-
out loss of stability. Traditionally in computergraphicsrealistic behaiour is more



importantthanshortcomputatiortime, whereasn virtual reality applicationsnterac-
tive frameratesarenecessaryBut sincethe presentatiorof this work, the barrierhas
beentorn down andno onewill accepthoursof computatiorfor the animationof de-
formableobjects.Recentwork [4, 8] focusedonreducingcomputationatostsperstep
while preservinghe stability propertiesf theimplicit algorithm.

The major drawbackof implicit methodsis, that eachsteprequiresa — generally
nonlinear— systemto be solved. Necessarily[7] at eachstepa Newton-like method
is usedto solve this system.To achieve interactve frameratesin computeranimation
several approachediave beenpresentedo circumvent this problem. Somesimplifi-
cationswereintroducedto allow very fastperformanceof animplicit step. But asa
consequencef thesesimplificationsthe solutionis not any morethe solutionof the
ODE originally posed.Evenif theresultsarevisually pleasingit is doubtfulthatspe-
cific materialscanbe modelledcorrectlyin this way.

In this paperwe proposethe useof IMEX methoddgo solve the arisingdifferential
equationboth fastand correctly IMEX methodswork on so called split ODEs and
consistof two methodsanimplicit andan explicit one,thefirst onebeingappliedto
stiff partsof the ODE the secondoneto the nonstif parts. Suchmethodshave been
usedin numericalanalysis,for instanceto solve corvection-difusion problems[1].
Themainideais to split theright-hand-siddunction f of the ODE into a— preferably
linear— stiff partanda nonlineamonstif part. This way only alinearsystemhasto be
solvedat eachtime step.

We alsocompareour methodto the approachetakenby otherauthors.

2 Numerical methods

All above approachegequireaninitial valueproblemof anordinarydifferentialequa-
tion of theabstracform

y'(t) = f(tu(®),  ylto) =yo

to besolved. We will specialisghe systemandexploit its structurebelow.

2.1 Multistep methods

As thediscussedMEX methodsarederivedfrom multistepmethodswve will describe
thesebriefly. Sucha methodwith & stepss of theform

k k
D aYar; =hY_ Bjfati, (1)

Jntj = f(tn-i-j: Yn+j)7

whereh is the (time-) stepsizeandY; is the numericalsolutionattime ¢;. The coef-
ficient oy, is requiredto be nonzero. Importantspecialcasesarethe classof Adams



methodsvhereqg = - -+ = ap_o = 0:

k
Yoik = Yok 140 Bjfoss (2)
Jj=0

andthe classof BDF—-methodgbackward differentiationformulas)with gy = --- =
Br—1=20:

k
z a;jYnij = hBefntk- ®3)

=0

A multi-stepmethodis calledimplicit, if 8, # 0. An implicit methodrequiresthe
solutionof anonlinearsystemof equationsasY,, . is neededo evaluatef for f, 4.
Theseequationaveto besolvedby Newton’s methodor a Newton—like schemeThe
useof fixedpointiterationis not suitablefor stiff ODES[7].

This nonlinearsystemis givenby
0="Yntr — hBntkfrtk + an, (4)
wherea,, = Z;?;é (an+jYntj — hfntj fntj)- Thissystermhasto besolvedfor Y, .

Newton’s methodappliedto (4) leadsto systemf linearequationf theform
(I = Wi ) AY @ =000, (5)

whereJ = £ f(tntk, Y(tntr)), YO, = v 4 AY® andb® = —y b 4
hBntkfrrk + an.

The well known forward and backward Euler schemedit in the multistepframe-
work. The forward Euler methodturnsoutto bethe explicit Adamsmethodfor & = 1
and3; = 0, the backward Euler methodis the BDF—methodfor £ = 1, o = —1,
a1 = 1, andﬂl =1.

Thesemethodsverethefirst onesespeciallydevelopedto dealwith stiff equations.

2.2 IMEX-Schemes

In orderto reducethe computationaivork, we look at a more specialisedsettingwith
asplitableright handside(split ODE)

y'(t) = f(t () + 9(t,u(), (6)

where g incorporateghe stiff part of the systemand f the nonstif remainder As
recentlydiscussedn numericalanalysisliterature[1], it is possibleto combinetwo
schemedor solving (6). This canbe donesuchthatthe stability propertiesof anim-
plicit methodfor g arenearlypreseredwhile gainingthe easeof the computationof
anexplicit methodfor f. A thoroughanalysisfor combiningmultistepmethodscanbe



foundin [1]. For a constanstepsizeh we thusobtainthe generaformula(comparego

)

k—1
Yn+k + Z ann+j
j=0
k—1 k .
=hY Bifari+ Y Bigntis (7)
Jj=0 Jj=0

wherethe 3; andB\j arethecoeficientsof the explicit andtheimplicit method respec-
tively.
Thereforeasabore Newton’s methodis usedto solve

G(Yn—i-k) = Yn+k - hB\n—i-kgn—i-k + an; (8)
with a,, definedanalogouslyto (4). As alinearsystemwe now get
(I — hBI)AY D =)

whereJ = a%g(thrk,y(thrk)) is the Jacobiarof g andcontainsall stiff eigervalues
of the system.By this approachwe may sase a lot of work becauseave don’t have to
computethewhole Jacobian.
A furtherimprovementcanbe achievedif g is alinear operatowith respecto vy,
i i 0
i.e.with A(t) := 5, 9(t)
9(t,y) = A(t)y.

In this caseNewton’s methodreducego the solutionof a singlelinearsystem
(I = hBA(t)) Yoy =D 9)

Sinceit is possibleto formulateg with a symmetricJacobianconjugategradient
method(cg) shouldbe used,whereasstationarymethodslike the Jacobi-methodre
notsuitablebecausef thelarge(i.e. stiff) eigervaluesof A(t). cghasthe advantageof
afastconvergencen the directionof the major eigervalues ,which representhe stiff
components.

If it is not possibleto isolatethe stiff componentsn alinear operatoronecanuse
aninexactsimplified Newton methodfor the solutionof (8) (or (4) respectiely).

2.3 Exploiting the secondorder structure

The systemunderdiscussiorhasthe specialstructureof beingdefinedby an ODE of
secondorder i.e.

" = f(t,z, ).



By theauxiliary variable
vi=ga, (10)

onegetsanequialentsystemof first orderanddoubleddimension

[ﬂ' B [Rt;,w] '

Thusthe Jacobiarhasthe speciafform

ﬁﬂt’ [z,0]") = |:f(1)x /{U] '

with A4, = .%f(t,x,v) and4, = a%f(t,a:,v). We canexploit this by analogously
splittingYTEfg,c andb(® from (9) (or (5) respectiely) in their-,, and-, parts thussolving
(we omit the Newton index)

I —h,BI AYn—i—k,z _ bm
_h/BAz I_hﬂAv AYn-ﬁ-k,v N bv

in eachiteration. By taking advantageof the upperhalf, i.e. AY, 41, = by +
hBAY, 1., We areleft with the computatiorof a solutionfor

(I - (hﬂ)2Aw - hﬂAv)AYn+k,v
=b, — hBA;b,.

The dimensionof this systemis reducedto the original dimensionof the second
orderODE. Thuswe save a considerabl@mountof computingtime.

3 Comparison of methods

All theseideas althoughnot presentedn the context of IMEX schemesareimplicitly
presentin previouswork.

Baraf andWitkin [2] formulatenonlinearconstraintsut only usetheir linear ap-
proximationto obtainalinearsystenof equationsThisway thesystemo besolvedin
animplicit Eulerstepalsobecomedinearandcanbesolvedefficiently by acg-method.
This methodcorrespondso the solutionof a nonlinearsystemwith only oneNewton
iteration. Becausehe nonlinearpartis notintegrated with high stiffnessonemay en-
countersimilar problemsaswe hadto dealwith.

Provot [9] proposeda simplemodelonly incorporatinginear springs. This model
wasusedby Desbrunet al. [4] who usedalsotheimplicit Euler method. But instead
of linearisingthe whole systemthey split it in a linear andnonlinearpartand usea
precomputednverseof the systemmatrix for solving the linear part of the equations.



They don't aim at solving the equationcompletely asthey don'’t integratethe nonlin-
earterm. Insteada correctingforce is introducedto presere the angularmomentum
approximately The useof a precomputedhverseprohibitsa changeof stepsizeh and
change®f theelasticmoduli.

Basedon this work Kanget al.[8] did somefurther simplificationto avoid solving
the linear system.In orderto updatethe solutionvectorin onestepthey divide each
row by its diagonalentryof thematrix of thelinearsystem.Thereforethey justperform
asingleiterationof a Jacobi-like schemdor solvingthelinearequation(s).

This may betoo little to solve this equationor to dampthe stiffer modes,especially
consideringhefact,thatthe corvergencebehaiour stronglydepend®n specialprop-
ertiesof the systemmatrix. I — hEA is in factdiagonaldominant,actuallyby the’1’
of theidentity. But the stiffer the equatiorthelessthis onecountsfor, andcorvergence
may be hardlyconcevable.

In [9], [4].[8] a post-correctiorstepis usedto restrictthe springelongationgo a
maximumvalue. Thusthey canuseonly moderatelystiff springsandobtaina cloth-
like behaviour afterperformingthis post-correctionUnfortunatelyphysicalsoundness
is not guaranteedy this modificationof the numericalsolution.

4 Modelling a mass-springsystem

We notethatthestiffnessin particlesystemshatmodeltextilesis dueto thespringsthat
accountfor tensionforces(Provot [9] callsthesespringsstructuralsprings).Therefore
it is sufficientto solve only for thesespringsimplicitly andusethe explicit schemeor
theremainingforces.

Forcesfor linearspringsbetweertwo particlesat z; andz; aregivenby

Ti — Ty

F(z) = kij(llzi — o5l = bij) 77— (11)
’ S
wherek;; is the elasticmodulusof this springandl;; its restlength.
Desbrunetal. [4] split theseforcesinto alinearpart
Fi(2) = kij(z; — x5) 12)
andanon-linearpart
T; — T
By (z :—ki"li‘¥. (13)
2@ = ki ]

In our approachF; is includedin g, whereasF; is treatedby the explicit method
aspartof f. Thisis possiblebecausd’ hasaconstanabsolutevalueandits Jacobian
doesnot contributesignificantly Thesolutionof the IMEX-schemeremainsstableun-
derall circumstanceandfor all feasibleparametersalthoughFs; is treatedexplicitely.



Additionally, we needdampingforcesto accounfor enegy dissipation.Theseare
modelledfor eachstructuralspringby

Fy(x) = dij(vi — vj), (14)

whered;; is the dampingcoeficient. Thesedissipatve forcesarestiff aswell as
linear, hencethey areincorporatedn g.
Thuswe getlinearforces

k‘i]' (mi — .’Ej) + dz’j (’Uz' — ’Uj) (15)

for eachspringactingon particlei.

Definingmatrices

ki iTi=7,
(K)ss = {E,;# i M= (16)
—Kij ifij
and,analogously
iz Gy Fi=17,
(D) = {Zd# A a7)
—0ij ifi#j

thelinearforcescanbewritten by
Fyin(z,v) = Kz + Dv (18)

Thesematricesrepresenthediscretized_aplacianoperatorwhich modelsthe dif-
fusionin a deformablemodel. They werealreadyusedby Desbrunetal. in [4].

The explicit forcescontainedin f canbe arbitrary non-stif forces. BesidesFs,
therecanbeforcesdueto bendingandshearingdependingon angles(e.g.[g), which
aretypically severalmagnitudesmallercomparedo tensionforcesandthereforecan
beintegratedexplicitly. Ourapproachasthemajoradvantagethattheparticlesystem
is notanymorerestrictedo springsdescribedy (11) asin Provot's model[9], but also
allows trianglemeshedo be animated.

Externalforcesdueto air resistancewind andgravitationaretreatedexplicitly aswell.

5 Settingup alinear system

Herewe describenow anIMEX first ordermethodis appliedto the describedparticle
system It usestheimplicit andexplicit form of Euler's methods:

vt =y + hfQ) + he(y' ) (19)

First, we follow section2.3 andreducethe systemfrom 6n coordinatedo 3n co-
ordinatesby applyingthe integrationschemeto the lower row of equation(10). The
implicit Eulermethodfor 4 = v gives

=gl 4 pottt, (20)



Applying (19) to our systemandsubstitutingfor 2*!
1
Ivl+l _ h—(K.Z'l+1 + D,Ul+1) —
m

1
o'+ hEFexpl(ml,vl)
&
1 1
= hZEK - f%D)v’+1 =

1 1
vt + h—Fopi (2!, 0') — h— K2 (21)
m m

This is a symmetriclinear systemthat canbe solved efficiently by the cg method.
Onecgiterationhascompleity of a sparsematrix-vectormultiplication,whichis lin-
earin the numberof nonzeroentriesin the sparsematrix. With sparsematricesin
generalthis is even lessexpensve than multiplying with an inversewhich can have
O(n?) nonzercelementsgdueto thelossof sparsityoninversion.

From (21) it canbe seenthatthe stiffnessof the systemdoesnot dependon & but
on % Notethatthis correspondso theangularfrequeng of a harmonicoscillatorthat

is givenby 4/ % Thereforea smallermassdensityof the materialleadsto stiffer dif-

ferentialequations.Furthermorea finer discretizatiorleadsto a stiffer ODE aswell,
becausa singleparticleof afinermeshhasa smallermass.

The matrix of the systemchangesvhenever the elasticmoduli or dampingcoef-
ficients change. As forcesin textiles are not linear they must be approximatedoy
piecavise linear springs(see[6, 5]). This is requiredfor realistictextile modelling.
Hence,n generalthe matrix mustbe setupin eachstep.

Thenumberof cgiterationsdepend®n theconditionnumberof the matrix andthe
startingvaluefor theiteration. The conditionnumberof the matrix is improvedby an
incompletecholesly preconditioner As an effect, our iterationcorvergesin very few
steps.

A startingvalueis computedy apredictorthatextrapolateshenew solutionvector
from the mostrecentvaluesof the solution. Consideringthe single-stepintegration
methodsusedwe only usethelastvalueandcomputethe predictorasfollows:

Up4+1 = 2Un —Un-1 (22)

6 Constraints and collision response

In every numericalsetupfor animationtheremustbe a way to enforceconstraintsjn
particularconstraintsmposedby collisions.

Baraf andWitkin [2] presented very efficient methodto enforceconstraintsn a
cg-method. In eachiterationof the cg-methodthe new directionis filtered suchthat



thesolutiondoesnotalterin a constrainedlirection.Henceif necessarye canpreset
thevelocity of a particlefor the startvalueof the cg-method becausdy constraining
thevelocityin all directionsit is guaranteethatthis velocity is unchangedh thefinal
solutionreturnedby the cgmethod.

However, we found that the repositioningsuggestedn [2] produceda severein-
creasdn the numberof cg-iterationsin our system.Therefore we dispensewith any
alterationof particlepositions,becauseve cancontrol the positionof eachparticleat
the next time usingthe describectonstraintenforcingmechanism.

Figurel: Correctinga particleposition

If we wantthe particleto move backto the surfacewe constrainits velocity in the
normaldirectionn, of the penetrategurface

1
m(vttl) = Ew(azs — g,

wherer is the projectiononto the orienteddirectionn andzx; is the point where
the particlepenetrateshe surface(seefigure 1).

Sincewe constrainonly one direction of the particle velocity the particleis still
freeto move in the otherdirectionsaccordingto the forcesactingonit. Thereforethe
velocity is only constrainedn the directionnormalto the penetratedurfacesuchthat
theparticleis drivenbackto the surfacebut canmove freely on the surface.

This way we allow the textile to penetrateemporarily In the visualisationof a
frameauxiliary particlescorrespondingo penetrategbarticlesare displayedsuchthat
no penetrationis visible. This way ary kind of collision, elasticor inelastic,canbe
modelled.

7 Dealingwith very high stiffness

If we modeltextiles with extremelylarge elasticmoduli like thosethat are obtained
from the Kawabataexperimentg3], we notethatthe solutioncomputedemainsstable



but the movementof the textile is reducedvhenlargetime stepsareusedandthe ani-
mationalmostcomesto a standstill(unstablenethodsshav a chaoticbehaiour).

Thereasorfor this happenings thatthe matrix of thelinear system(21) doesnot
have ary entriesthatcouplethedifferentcoordinatedirectionsj.e. we couldalsosolve
threeindependensystemsChangesn onedirectioncannotoe compensateih another
directionin the sameintegrationstep,becausall couplingtermsare containedn f.
They appearonly in the single computationof f on the right-handside of the linear
system(21).

In orderto overcomethis problemthesecouplingtermshave to be updatedwithin
the linear solving procedurej.e. the right-handside of the systemmustbe updated
in the cg-method. Hencewe startthe cg-methodwith theinitial b, do a few cg itera-
tions,updateb with thecurrentapproximatve solution,doafew cgiterationsandsoon.

This updatediteration corvergesaswell asthe corventionalcg-method. The al-
gorithmto solve Az = b(v, z) with errortolerancee, preconditionet” andconstraint
operatoiC', whichenforcegheconstraint@sdescribedn theprevioussectionj|s given
by thefollowing pseudo-code:



Algorithm 1: Updated and filtered cg

do
1=20
b=b(v,z! + hv)
r=C(b— Av)
while [[r]| > €[]
1=1+1
solve P lz=r
z2=Cz
ifi=0
p=A(r,z)
else
=3
p=z+pp
g=Ap
g=0Cq
)
vV =v+ap
r=r—aq
pL=p
while (i > 0)

Only very few cg iterationsare neededvithin onetime stepandthe solwer is still
very efficient. For very stiff springsthe simplified Newton methodneeddesscgitera-
tionsthanplain cg would requirefor the samesimulation.

We foundit sufficient, to usea constanforcing term,i.e. we imposethe residual
tolerance

Il < ellb]l-

onthecgiteration. Furtherimprovementsanbemadeby optimisingthisforcingterm,
whichwill be partof forthcomingwork.

8 Results

We implementedour numericalalgorithmswith the Matrix TemplateLibrary (MTL
[1Q])) by the University of Notre Dame. It providesefficient andflexible datastruc-
turesfor (sparse)matrix and vector operationswhich are crucial for the simulation
performance.

To evaluatethe performancef our techniquesve presentwo examplessimulated
with variousparameters.

Thefirst exampleis atableclothdrapingover a squareable(figure 4 (a)-(c)). This
exampledemonstratethe collision responselescribedn section6. The secondneis
atextile thatis fixedat two cornerpoints(figure4 (d)).



#Particles % % h #cg cg matrix setup | solver
400 10* [ 40| 0.01s | 192 | 1.14s 1.31s 3.34s
400 10" [ 40| 0.02s | 233 | 1.04s 0.7s 2.16s
400 10% | 40 | 0.005s| 2601 | 8.07s 2.67s 12.47s
2704 10 | 40 | 0.01s | 1344 | 32.29s 10.46s 49.64s

Figure 2: Squaretable, performancefor simulation of one sec. on a Mips
RS10000/250MHz

#Particles % h #cg | cg | matrixsetup| solver
400 10* 0.01s | 58 | 0.54s 1.3s 2.7s
400 105 | 40 | 0.001s| 614 | 5.56s 12.66s 27.02s

IN
SF N

Figure 3: hanging textile, performancefor simulation of one sec. on a Mips
RS10000/250MHz

The successie entriesin table2 and 3 arethe numberof particlesusedin the ex-
ample, the elastic modulus/massgjuotient, the dampingcoeficient/massguotient of
the structuralsprings,the time steph andthe numberof cg iterations. Furtherwe
measurecdomputatiortimesfor the modifiedcg method for the matrix setupandthe
overall timesof the numericalsolver (including matrix setup,cg andthe computation
of thenew solution).

Althoughthenumberof cgiterationsincreasesvith thestiffnesswe still getagood
performancédor stiff springs.Notethata smallertime stepdoesnotnecessarilyeadto
anincreasen the numberof cgiterations.

9 Conclusionand further work

We have discussed systenthatefficiently simulateghe drapingbehaiour of textiles.
With ourapproachthearisingdifferentialequationis completelysolvedandnonlinear
forcesaretreatedcorrectly Thisis especiallyimportant,asin the context of very high
stiffnessneglectingtheseforceswould leadto wrongresults.

Dueto ourflexible designthesystems suitedfor virtual reality applicationsaswell
asfor highaccurag simulationof cloth. As theresultsshav, theapproachleaving the
elasticmoduli (andthusthe matrix) constantjs capableof simulatingseveralhundred
particlesin realtime. If we usea moreaccuratanodelwith high andvaryingstiffness
to modelthe nonlinearbehaviour of cloth, the computatiortime doesnot exceedser-
eralminutesandis still lessexpensve thana high quality renderingof thatscene.

The presentednodel and the numericaltreatmentdo not dependon the regular
structureof the particlemesh.Rectangulaaswell astriangularmesheswhich provide



additionalfreedomfor modellingmorecomplex shape®f textiles, maybeused.

Furtherwork will focuson algorithmicand numericalimprovementsas variable
time-steppingandJacobi—saing stratgjieswill resultin anotheispeedupChoosingan
optimal preconditioneanda variableforcing termmay prove valuableaswell.

(a) (b)

(c) (d)

Figure4: Examples
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